The relaxation of single probe spins was investigated for simple models of systems with quenched disorder. The spin relaxation was calculated for a two-site model with arbitrarily oriented magnetic fields and the result was averaged over various distributions of the fields, and of the hopping rates of the spin. On an intermediate time scale, a modified Kubo-Toyabe behavior is obtained for large hopping rates, in agreement with recent @SR experiments. A stretched-exponential decay of the spin polarization is obtained at longer times. The Kohlrausch exponent is found to be field and hopping-rate dependent, in qualitative agreement with recent NMR and P-NMR experiments. The resulting longitudinal relaxation rate still does not show the significant deviations from the Bloembergen-Purcell-Pound (BPP) behavior that are typical for glassy systems. Therefore, the random two-frequency model was extended to include time-dependent renewals of the environment.
I. INTRODUCTION
Disordered systems have found much interest in the last decades. Of particular interest are transport and relaxation processes in disordered materials. One aim of current research is to understand these time-dependent phenomena from the motional processes on atomic scales. Time-dependent processes can be investigated by many spectroscopic methods, such as nuclear magnetic resonance (NMR), electron spin resonance, quasielastic neutron scattering, Mossbauer effect, perturbed angular correlations, etc. To interpret the data it is necessary to know how the microscopic motional processes determine the measured signals in disordered systems, where averaging over many different events occurs. In this paper we develop a stochastic theory of spin relaxation in simple models for disordered systems. We consider relaxation of single spins; hence our theory is directly applicable to Pradiation-detected nuclear magnetic relaxation (P-NMR) or muon spin relaxation (@SR) experiments, respectively, where polarized P-active nuclei or muons are used in extremely low concentrations as probe spins in condensed matter.
The phenomenological description of spin relaxation was introduced by Bloch (see, e.g. , Ref. 4 or 5) and the connection with microscopic Huctuation times was pointed out by Bloembergen, Purcell, and Pound (BPP). work. The essential assumption is that the local motion of the probe spin is so rapid that it leads to exponential relaxation, exp( -t/Tq 2). In disordered systems, the local motions may occur at quite difFerent time scales and be even frozen at very low temperatures. In this paper we propose to consider the individual spin motions on a more microscopic scale. Instead of assuming exponential relaxation, we consider simple models for the motion of the probe spin in local environments. We average the resulting polarization decay over the disorder, which is expressed by distributions of the local rotation frequencies and hopping rates. Our approach might be considered as an extension of the classic stochastic theory of spin relaxation, which was originally developed by Anderson, Kubo and Tomita, zs and Kubo and Toyabe, i6 to models of disordered systems. For instance, one well-known model for transverse spin relaxation is the one where a spin makes transitions with variable transition rates between two rotation frequencies.
The three-dimensional extension of this model will be the basis for our averaging procedures. The models are rather simple; hence they can be treated more or less explicitly.
The relation of our work to the stochastic theory of spin relaxation by the authors of Refs. 14 -16 has already been indicated. Spin relaxation where the Markov approximation of short correlation times is avoided has also been treated by other methods. In the work of Celio 
II. RANDOM TWO-FREQUENCY MODELS
The starting point of the stochastic theory of spin relaxation is the equation of motion for individual, classical spins S, The spins are assumed to have unit lengths~S~= I and 2(t) is the rotation frequency corresponding to the magnetic field experienced by the spin at time t. We will use the terms "rotation frequency" and "magnetic Geld" interchangeably.
The rotation frequency ur(t) may be decomposed into an external static Geld do and a local, fluctuating part 2'(t). The spin rotation may be alternatively described by the corresponding antisymmetric matrix g(t). We assume complete polarization of the ensemble of spins at time t = 0, expressed by the initial condition S(t = 0) = So. The disorder of the systems under consideration is taken into account by averaging the polarization decay P, (t) of a single subsystem over the ensemble of subsystems, assuming that the rotation &equencies u1,~2 are random variables. The problem is to specify appropriate distributions of the rotation &equencies. The most commonly used 52 2~3o~" dp(P, (t) } -, (13) We do not expect significant difFerences between the Gaussian and the rectangular distributions, but the exponential distribution is difFerent in that it contains small and large &equency deviations from the value cVp with a completely different weighting than in the Gaussian distribution.
I'urther, we also investigate the inHuence of distributions of the hopping rate p; i.e. , we assume that this rate is a random variable, too. The physical picture behind this assumption is that the jump rates of spins in subsystems of the disordered medium may be very different. Explicitly, we studied rectangular distributions of the rate p, expressed by~, u2 are averaged over Gaussian distributions in threedimensional spaces; cf. Eq. (10).
A. Results for the RTF model
We average the polarization decay P, (t) Hopping rate y (e-&) tively comparable to the rates measured, e.g. , in LiCl -n-D20 with the p-NMR method. s4 We now examine the quantitative features of Fig. 4 .
(i) The relaxation rate Tz shows quite similar behavior as a function of the hopping rate as in standard NMR theory in that it has a symmetric maximum with the same slopes on both sides.
(ii) The relaxation rates are independent of the Larmor frequency in the regime of large hopping rates ("hightemperature side"), whereas the rates show such a dependence for small hopping rates with the behavior (for p=10ss ') (20) This behavior is similar to the BPP theory which gives T& (iii) Obviously, the curves in Fig. 4(a) (iv) Finally, a Kohlrausch exponent n is observed which is significantly difFerent from one for large ranges of the parameters. The exponent o. depends on both the magnetic field and the hopping rate as is shown in Fig.  4(b) (14), respectively. Figure 5 shows the results which we obtained by a fit of the polarization transients with the KWW function (16). The quantities T» and n are given as functions of the typical p values, i.e. , p = y 3o'~" in the case of the rectangular and p = 0~, for the exponential distribution. The following features can be recognized.
(i) Generally, the behavior of the relaxation rates as functions of the efFective hopping rate is quite similar for both distributions and similar to the behavior of the relaxation where no average over the hopping rates was performed.
(ii) The extra hump in the relaxation rate which is present for the nonaveraged quantity for smaller Larmor frequencies is reduced for the rectangular distribution and almost absent for the exponential distribution. (v) Also the curves for the Kohlrausch exponent o, are slightly asymmetric in contrast to the case where the hopping rate is not averaged.
In summary, we have to conclude that the additional average over the jump rates only yields a slight modification of the results for the longitudinal relaxation rate and the Kohlrausch exponent which were obtained by the pure &equency average. Accordingly, this average also cannot explain the behavior of the polarization decay in glassy systems.
V. TIME-DEPENDENT RANDOM TWO-FREQUENCY MODEL
In this section we introduce an extension of the random two-&equency model. We assume that a spin performs the TF process as described in Sec. IIA with the event rate p. In addition, we assume that the rotation &equencies of the TF process change according to a Poisson process with the transition rate A. Whereas the TF model describes local motion of the spins, the additional renewal process is intended to model possible changes of the environment or transitions of the spins to different local environments. Finally we average over many different realizations of the TF process, including the renewal process. This leads to the "time-dependent" random twofrequency model.
A. Introduction of the model
While the frequency changes in real systems may occur more or less gradually, we make the simplifying assumption of the strong-collision model that completely new frequencies are selected at each transition. In detail, the model contains the following assumptions.
(i) In a subsystem (i) the spin motion is described by the TF model which is determined by the jump rate p and the rotation frequencies cu&', 22' .
(ii) The spin may change into a new subsystem (j) with the transition rate A. The spin motion that takes place there is again given by the TF model with the rotation frequencies dz, 22, and the same jump rate p.
A pictorial representation of the process is given in Fig.  6 . (iii) The transitions to the other subsystems occur corresponding to the strong-collison model;
i.e. , the frequencies w&, 22' and 47j, (Z2 are completely uncorrelated.
To derive the spin polarization according to this model, we make a decomposition into the number of transition events, similar to the decomposition into the number of jumps for the TF model, (21) As an example, we give explicitly the term with two transitions,
Here the quantity P~'~( t) is the solution of the TF model for a given pair of frequencies cVi', 2z', i.e. , the result of Sec. IIA. By making this identification we assume that we have already replaced particular two-&equency processes within the sojourn at fixed frequencies by the ensemble average over all processes for given frequency pairs. This is justified by the following consideration: We consider large systems which comprise many different subsystems with fixed frequencies and. the ensemble average over many transition processes of the spins, both within the subsystems and between the subsystems. The average over the processes within the subsystems justifies the use of the P ' (t) in Eq. (22) and all other terms, averaging over the transitions between subsystems leads to an ensemble average over many different realizations of the disorder. If we assume that all pairs of rotation frequencies cV~', dz' are statistically independent, and taken from the same probability distribution, we can replace the P ' (t) in the terms of the series (21) by the average, (P )-, -, , i.e. , by the result for the RTF model.
After the replacement, the term that describes two transitions between different frequencies reads
In the Laplace domain, one has a triple product of terms, with a shifted Laplace variable s+A. After this transformation a geometric series is found which is easily summed up. The result is -1
(P " (8))-, -, = (P (8+1))~I -A(P (8+1))~. SD.
As can be shown explicitly the longitudinal polarization develops independently of the polarization components in the x-y subspace; provided that the x and y components of the frequencies dq and d2 are equally distributed around zero. This condition is fulfilled, for instance, for the Gaussian distribution (10) with a longitudinal Zeeman field ((tu ) = (cu") = 0 & (u, ))., In view of the decoupling of the longitudinal and transverse components the longitudinal polarization, (P" (s))-, -, , reduces to (25) with the initial condition So --e, .
A further analytical investigation of Eq. (25) Fig. 7 .
By comparing Fig. 2 and Fig. 7 In a first run, we started with hopping rates p that are suggested by typical experiments, namely, E~= 1 eV, and an attempt frequency which lies in the range po --10 -10 s . We then assumed that the activation energy Ep of the transition process is 2E~or 1. 5E~, corresponding to a = 2 or a = 1.5, respectively. We further assumed that Ao --po or 6 = 1. We selected three combinations of parameters for a fixed value of the Larmor frequency uo --5 x 106 s~. The results for the longitudinal relaxation rates Tz and for the Kohlrausch Fig. 8 The dynamics of these probe spins has to be treated first for these local environments; thereafter, the result has to be averaged. over the difFerent configurations.
Previous work did implement this program by averaging exponential decay functions, exp( -t/Tq 2), over distributions of the relaxation times. Our intention was to use models for the local motions that are applicable at all times scales. Hence we exemplified our approach on simple stochastic models, in particular on a two-frequency model which involves motion of the probe spins over two sites. We also introduced a time-dependent two-&equency model which takes time-dependent changes of the local environment into account.
Our efForts were only partially successful. 
